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Abstract— We study a single item hybrid production
system with remanufacturing and manufacturing (HRMS).
It is assumed that remanufacturing is profitable, that on
average, there are more demands than returns, and that
the returns are repaired by fixed- quantity. The HRMS is
modelled by finite-state discrete-time Markov chains. The
inventory problem under consideration is formulated by a
Markov Decision Problem (MDP) model. Using the
dynamic programming algorithm, we get the optimal
policy.
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I. INTRODUCTION
In the recent years, the growth of environmental
concerns has given ‘reuse’ increasing attention. At the
same time, researchers have paid attention to product
recovery (reverse logistics) day by day. A large number
of papers about it have been published (e.g. [1], [2], [3][9]).
Inventory control is one of the areas concerned.
The return flow of used products needs appropriate
integration into material planning. The situation can be
characterized as follows (see Fig. 1). The main objective
of inventory management is to increase profitability. A
frequently used criterion for choosing the optimal policy
is to minimize the total costs, which is equivalent to
maximizing the net income in many cases. Scientific
inventory management requires a sound mathematical
model to describe the behavior of the underlying system
and, quite often, an optimal policy with respect to the
model.

Fig. 1 Recoverable inventory system

A number of authors have studied such hybrid
inventory systems. They either seek the structure of the
optimal policy, or aim at finding an optimal policy in
some prespecified class (e.g. [10], [11], [12]-[25]). The
models based on the recoveries were used and would be
remanufactured.
Similar to many other dynamic processes in the
real world, demand variation encountered by retailers or
manufacturers is both random and seasonal in nature. A
random/stochastic process may be considered as an
ensemble of random variables defined on a common
probability space and evolving over time. It is desirable
or sometimes necessary to quantify the dynamic
relationships among these random events so as to better
understand and effectively handle process uncertainties.
Considering that the dynamics of such systems are often
governed by Markov chains, we resort to Markovian
models for solution. Markov chain, a well-known
subject introduced by Markov in 1906, has been studied
by a host of researchers for many years (e.g.
[26],[27],[28],[29]). Markovian formulations (e.g.
[30],[31],[32]) are useful in solving a number of realworld problems under uncertainties such as determining
the inventory levels for retailers, maintenance
scheduling for manufacturers, and scheduling and
planning in production management. Markov chain
approach has been applied in the design, optimization,
and control of manufacturing processes, reliability
studies and communication networks, where the
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underlying system is formulated as stochastic control
problem driven by Markovian noise.
In this paper, we consider the inventory of a
discrete time hybrid remanufacturing and manufacturing
system (HRMS), in which the returns are assumed to be
remanufactured by fixed- quantity. We consider two
types of uncertainty, demand and recovery, which are
assumed to be Poisson distribution. We assume that
there are more demands than returns. In this paper, we
adopt Markov decision process (MDP) models to solve
the problem of inventory planning. The objective is to
minimize the long-run average cost per time by
considering the cost structure of fixed order costs,
holding costs and remanufacturing costs. We provide the
dynamic programming equation, and present
computational algorithm that leads to an approximation
of the optimal policy.
II. THE MODEL
A. Analysis of the Model
Following the above motivation, we consider a singleitem stochastic inventory model extended with a
stochastic inbound item flow. We assume that the order
is N time units (N∈N) during the period (see Fig.2). We
assume M to be a remanufacture/ manufacture supplier,
Mr to be a remanufacture supplier, Mn to be a
production supplier. The manager of M checks the stock
periodically. At the beginning of ordering period i,
returns ξi from Mr will be added to M. At the same
time, new products ui will be ordered and replenished
from Mn to satisfy the demand Di, i =1，…，N. When
the stock decreases to 0, we assume that it is replenished
instantly, and that the returned items will be added to the
serviceable stock immediately.
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Fig. 2 Inventory control model in HRMS

We assume that the demand and returns are
independent Poisson distribution, that there is no
leadtimes in both demand and return, and that there is no
backorder. Furthermore, we assume that the returns are
repaired by fixed quantity, that the remanufacturing
quantity is ξij
, and that the returns are dealt
with n times during the ordering period i. It means that if
the remanufacturing period is T, the ordering period is
nT.
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Let
H= the capacity at ordering period i, i =1，…，N,
N∈ ;
λR= return intensity;
λD= demand intensity, λR < λD;
ξi= returns at ordering period i , i =1，…，N, ξi =
nξij,
, N∈ ;
ui= replenishment at ordering period i , i
=1，……，N, N∈ u0=0;
Vi= net stock before ordering at the beginning of
ordering period i , i=1，…，N, N∈ Vi
Under these assumptions, the net stock level Vi before
ordering forms a discrete Markov chain and the system
dynamics are described as
λ

λ

ξ

The states of the stochastic process {Vi} take values
in

.

We assume ξij and ξ to be independently and
identically distributed random variables by Poisson
process. Let ξ ~P (λR) ,
p(ξ=k) =pk,

B. The Long –Run Average Expected Cost
Furthermore, let
K= fixed cost per replenishment order;
c= ordering cost per item per time;
cr= remanufacturing cost per item per time;
h= holding cost per item per time;
Vi (t) = inventory position at time t at state Vi;
ξij(T) = returns in the j th period T at state Vi
.
From above, we get
λ
And we get the remanufacturing period

λ

ordering period is
λ
λ
The following costs are incurred:
1) Holding cost at state Vi:
λ

λ

λ

. The
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λ

λ

λ

λ

λ

λ
Since there is no backorder, and the stock is
replenished instantly when it decreases to 0, letting Vi
(
we get
λ
λ
λ

E[Vi(t)]=

λ
λ

λ
λ

λ

,

λ

The sequence of observed states and decisions made
is so-called Markov Decision Process (MDP).
B.

The Long-Run Expected Cost
From (2.13), we get the long-run expected average
cost of the system starting in state Vi and evolving in a
period of length N，that is
.

λ

λ

λ

λ

λ

λ

λ
(2.9)
2) Ordering cost at state Vi :

λ

λ

(2.10)

λ

λ

λ
λ

λ

Then we get the new objective function：
λ

λ
λ

(2.12)

λ

λ

Let

The long-run average expected inventory cost is

The optimal policy is to find

λ

λ

Let

3) Remanufacturing cost in period T at state Vi:
,
E (Remanufacturing cost in state Vi) =
.
From above, we conclude that the expected average
cost per time in state Vi is
λ

λ

satisfying
)
The optimal policy is to find

III. ANALYSIS OF THE COST FUNCTION
A.
Markov Decision Process
Let Vi be the state of the HRMS mentioned above as
in (2.1) at time i,
∈
,
be the
decision of remanufacturing,
∈
λ
. Under the fixed policy
and the
fixed time n, the pair
forms a threedimensional Markov chain. At the same time, the
transition probability from state Vi to Vj satisfies:

satisfying

，

，

At the same time, let
.
C.

The Optimal Policy Algorithm
Let
shown that (e.g. [33])

.It can be
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To obtain the optimal policy, we use the following
computational algorithm.
Step1. From m=N, m=m-1, until m=0, letting
∈

TABLE I: OPTIMAL POLICY

m=N=3
l=1
l=2
l=3
l=4
l=5
l=6

1.63
3.28
4.9
6.55
8.18
9.81

10.58
8.28
8.85
10.14
11.7
13.4

m=N-1=2
4.5
4.5
4.5
4.5
4.5
4.5

1.63
3.28
4.9
6.55
8.18
9.81

21.16
20.7
17.7
25.35
23.4
26.8

m=N-2=1
4.5
4.5
4.5
4.5
4.5
4.5

[1]
we calculate

[2]

[3]

Step2. We calculate

from (3.4).
[4]

IV.
NUMERICAL EXAMPLE
We take
,
,K=7,c=3,
h=2,
p(ξ=2)= p(ξ=4)=0.5, N=3,H=6. From the model (3.4)
and the above computational algorithm, we calculate
theoptimal policy (see Table Ⅰ).
From the table 1, we can find that the long-run
average expected inventory cost is too more when l =4
and l =6, so we prefer to l =1,2,3,5...
V.
CONCLUSION
In this paper, we discuss the inventory planning of
a discrete time hybrid remanufacturing and
manufacturing system (HRMS), in which the returns are
assumed to be dealt with by fixed- quantity. The HRMS
is modeled by finite-state discrete-time Markov chains.
At the same time, we apply the Markov Decision
Problem (MDP) model to the inventory problem under
consideration. We get the optimal strategy by using the
dynamic programming algorithm. We illustrate the
conclusion in a numerical example.
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[5]

[6]

[7]

[8]

[9]
[10]

1.63
3.28
4.9
6.55
8.18
9.81

31.74
35.19
26.55
43.10
35.1
40.2

4.5
4.5
4.5
4.5
4.5
4.5

91.48
92.17
81.1
106.59
98.2
108.4
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